Introduction
This paper is a sequel to [12] , in which we studied the nonclassical HopfGalois module structure of rings of algebraic integers in tamely ramified biquadratic extensions of number fields, and to [11] , in which we studied a larger class of tamely ramified extensions. In the introductions to those papers, we described how the use of nonclassical Hopf-Galois structures has proven to be a fruitful generalization of the classical Galois module theory of algebraic integers, and posed questions about the applications of these techniques to tamely ramified extensions in particular. Since in this paper we are concerned with extensions of number fields, we summarize the classical theory briefly in this context; a thorough survey can be found in [10] . If L/K is a finite Galois extension of number fields with Galois group G then classically one studies the structure of O L as a module over the integral group ring O K [G] or, more generally, over the associated order
Noether's theorem asserts that O L is locally free over O K [G] (and therefore
if and only if L/K is at most tamely ramified [7, Theorem 3] . In this case, therefore, O L defines a class in the locally free class group Cl (O K [G] ), and Fröhlich's Hom Description of this group allows us to compute this class and determine the global structure of O L over O K [G] , at least up to stable isomorphism. In the case that K = Q, the HilbertSpeiser theorem [8] asserts that O L is free over Z [G] if G is abelian, and in general Taylor's proof of Fröhlich's conjecture [9] identifies the obstruction to freeness of O L over Z [G] in terms of analytic invariants.
Hopf-Galois theory generalises the classical situation described above (see [5] for a survey). If L/K is a finite separable extension of fields, we say that a K-Hopf algebra H gives a Hopf-Galois structure on L/K (or that L/K is an H-Galois extension) if L is an H-module algebra and additionally the obvious K-linear map
is an isomorphism of K-vector spaces (see [5, Definition 2.7] ). A finite Galois extension of fields L/K admits at least one Hopf-Galois structure, with Hopf algebra K [G] , and we call this the classical structure. We call any other Hopf-Galois structures admitted by the extension nonclassical. If L/K is an extension of local or global fields then within a Hopf algebra H giving a Hopf-Galois structure on the extension L/K we define the associated order of O L as follows:
and study the structure of O L as an A H -module. This approach has proven fruitful in the study of wildly ramified extensions (see [3] , for example), but in [11] we considered tamely ramified extensions and investigated the following natural generalization of Noether's theorem: If L/K is a finite separable extension of number fields which is at most tamely ramified and H is a Hopf algebra giving a Hopf-Galois structure on the extension, is O L locally free over A H , its associated order in H? We proved the following partial result: Theorem 1.1. Let L/K be a finite extension of number fields which is HGalois for some commutative Hopf algebra H, and suppose that no prime lying above a prime number dividing
Proof. See [11, Theorem 5.9] .
As a particular case of this, we have:
Let L/K be a finite extension of number fields which is H-Galois for some commutative Hopf algebra H, and suppose that L/K has prime-power degree. Then O L is a locally free A H -module.
In [12] , we studied in detail the local and global Hopf-Galois module structure of tamely ramified Galois extensions of number fields L/K with group G ∼ = C 2 × C 2 . We used Corollary (1.2) to show that O L is locally free over its associated order A H in any Hopf algebra H giving a HopfGalois structure on the extension, and determined necessary and sufficient conditions for O L to be free over A H . In the present paper we perform a similar analysis of tamely ramified Galois extensions of number fields L/K with group G ∼ = C p × C p for an odd prime number p, under the assumption that K contains a primitive p th root of unity. In Section 2, we characterise these extensions and determine explicit integral bases of O L,p for each prime p of O K . In Section 3 we quote results of Byott, who enumerated and described all the Hopf-Galois structures admitted by such an extension, and give the Wedderburn decompositions of the Hopf algebras. In Section 4 we calculate, for each prime p of O K , an explicit O K,p -basis of A H,p and an explicit generator of O L,p over A H,p . Finally, in Section 5 We use the detailed local information from Section 4 to describe the locally free class group Cl (A H ) using a weak version of Fröhlich's Hom-Description ( [6, §49] ) and derive necessary and sufficient conditions for O L to be free over A H .
Tame C p × C p Extensions
Let p be an odd prime number, and let K be a number field containing a primitive p th root of unity ζ. A Galois extension L of K with group isomorphic to C p × C p has the form L = K(α, β), where α p = a and β p = b are coset representatives of linearly independent elements of the F p -vector space K × /(K × ) p . In this section we establish congruence conditions on a and b which are equivalent to the extension L/K being tamely ramified, and for each prime p of O K we calculate an explicit integral basis of the completed ring of integers O L,p over O K,p . Many of the results in this section are straightforward generalizations of the corresponding results in Section 2 of [12] , so we omit the details of the proofs. In particular here, as there, when we take completions with respect to an absolute value arising from a prime p of O K , we shall often tacitly be working not with local fields or 
and the following is an
Proof. This is a straightforward generalization of the proof of [ 
Such a Hopf algebra then acts on the extension L/K as follows:
Proof. See [5, Theorem 6.8].
In [2] and [4] , Byott enumerated all the Hopf-Galois structure admitted by a Galois extension L/K with group G ∼ = C p × C p and, under the assumption that ζ ∈ K, described the corresponding Hopf algebras. These are all commutative and, since in our case K has characteristic zero, they are therefore separable (see [13, (11.4) ]). This implies that each contains a unique maximal O K -order. In this section we express each of the Hopf algebras giving nonclassical Hopf-Galois structures on L/K as a product of fields, and hence describe the unique maximal order in each of them. Finally, we derive formulae for the action of each Hopf algebra on the extension L/K.
Theorem 3.2 (Byott). Let L/K be a Galois extension of fields with group
. . , p − 1}, and fix σ, τ ∈ G satisfying:
There are well defined elements ρ, η ∈ Perm(G) determined by:
We have ρη = ηρ and
Futhermore, N is regular on G and is normalised by λ(G), and so N gives rise to a Hopf-Galois structure on L/K, with Hopf Algebra Since the choice d = 0 gives the classical Hopf-Galois structure on L/K regardless of the choice of subgroup T , we shall henceforth assume that d = 0, so as to consider only nonclassical structures. Beyond this, we will not specify a choice of either T or d, and will therefore work with an arbitrary Hopf algebra H = H T,d giving a nonclassical structure on the extension. Next we seek a more explicit description of the Hopf algebra. Since ζ ∈ K, the group algebra K[ρ] has a basis of mutually orthogonal idempotents:
and set
Then we have: 
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Proof. The following set is a basis of H:
Clearly we have (e s (a v η) t )(e s (a v η) t ) = 0 whenever s = s . By examining elements of the form e 0 (a v η) t , we find that
and by forming orthogonal idempotents within
Now considering elements of the form e s (a v η) t for s = 0, we calculate
Definition 3.5. For r = 0, . . . , p − 1, we shall adopt the following notation for the idempotents defined in the proof of Proposition (3.4):
Using the notation introduced in Definition (3.5), we can exhibit an explicit K-algebra isomorphism Φ :
A consequence of the description of H given in Proposition (3.4) is that we can identify the unique maximal O K -order in H. Here, and subsequently, whenever p is a prime of O K we write π p for a uniformiser of K p .
Corollary 3.7.
We have the following description of the unique maximal
It is possible to choose the element v such that in the notation of Proposition (2.1) we have v = α i β j for some nonnegative integers i, j, and we shall always assume that we have done so. Choosing v in this way we have 
In addition to the notation established in the previous sections, we now write S for the subgroup σ of G, and fix an element x ∈ L S × satisfying τ (x) = ζx. Once again, it is possible to choose the element x such that in the notation of Proposition (2.1) we have x = α i β j for some nonnegative integers i, j, which implies that
, so to determine the action of the Hopf algebra H on L/K, we need only consider the action of each K-basis element of H on an arbitrary product x i v j . Recall that the action of H on L is given by equation (3.1). We calculate:
and so
Proposition 3.10. For s = 0, . . . , p − 1 we have 
Proof. First we observe that 
Combining Propositions (3.10) and (3.11) yields: 
Proposition 3.13. For r = 0, . . . , p − 1, we have
Proof. Recall from Definition (3.5) that
so it is clear from Corollary (3.12) that E r · (x i v j ) = 0 unless i = 0. In this case we have
Local Freeness
We retain the notation of the previous sections: p is an odd prime number, K is a number field containing a primitive p th root of unity ζ, and L is a tamely ramified Galois extension of K with group G ∼ = C p × C p . Additionally, H is a Hopf algebra giving a nonclassical Hopf-Galois structure on the extension. This is determined by a choice of subgroup T of G having degree p and a choice of integer d ∈ {1, . . . , p − 1}. We have not made a particular choice of either T or d, so as to work with an arbitrary Hopf algebra giving a Hopf-Galois structure on the extension. To describe the extension relative to this Hopf algebra, we have written G = σ, τ , where τ 
Proposition 4.2. Let p be a prime of O K which does not lie above p. Then an O K -basis of A H,p is given by:
{E r | 0 ≤ r ≤ p − 1} ∪    e s (a v η) t π rp(V st ) p 1 ≤ s ≤ p − 1, 0 ≤ t ≤ p − 1    .
Proof. Since p does not lie above p we have
Proof. We follow the method of [1, Lemma 2.1]. Firstly, we find the orbits of G in N . Recall from Proposition (3.2) that N = ρ, η , and from Theorem (3.1) that G acts on N by conjugation via the embedding λ. We calculate g ρ = ρ for all g ∈ G and τ η = η,
which each have length 1, and 
Finally, we find explicit generators of O L,p as an
In the case that p does not lie above p, we first make the following definition: •
• Otherwise, let j p be the unique integer in the range 1, . . . , p − 1 such that v p XV jp ≡ 0 (mod p). 
We note that j p = 0 if and only if (v
p (X) , p) = (v p (V ) , p) = 1,γ p = p−1 j=0 v j π rp(V j ) p + p−1 s=1 x s v sjp π rp(X s V sj p ) p .
Proof. It is easy to see from Proposition
where y ∼ y denotes that y = uy for some u ∈ O × K,p . The final equality above holds since by the choice of j p we have
Therefore for each s = 0, the elements 
Proof. We observe that the trace element θ = n∈N n is a left integral of A H,p (see [5, §3] 
It is straightforward to verify that
Conditions for Global Freeness
In this section, we determine necessary and sufficient conditions for O L to be free over A H . We have shown in Section 4 that O L is locally free over A H , and so it defines a class in the locally free class group Cl (A H ). Since H is a commutative Hopf algebra, A H has the locally free cancellation property (see [6, ( §51) ]), and so O L is a free A H module if and only if it has trivial class in Cl (A H ). Furthermore, again since H is commutative, we have an isomorphism
where J(H) is the group of idèles of H, H × is the subgroup of principal idèles, and U(A H ) is the group of unit idèles. (This is a weak form of Fröhlich's Hom Description, see [6, ( §49)] .) The class of O L in Cl (A H ) corresponds under this isomorphism to the class of an idèle (h p ) p determined as follows: let Γ be a fixed generator of L over H, and for each prime p of O K let h p ∈ H p be an element such that h p · Γ is a generator of O L,p as an A H,pmodule. In this section we use the detailed local information we computed in Section 4 first to "sandwich" the locally free class group between products of ray class groups whose conductors are ideals divisible only by primes lying above p, and then to compute the idèle h p , and hence give necessary and sufficient conditions for O L to have trivial class in Cl (A H ).
We begin by studying the group of units of 
Proof. We rewrite z in terms of the basis elements of A H,p given in Proposition (4.3), noting that for each 1 ≤ t ≤ p − 1 and 0 ≤ s ≤ p − 1 we have
By Proposition (5.1), we then have that z ∈ A 
with the explicit isomorphism Φ : 
We shall also write Θ for the induced isomorphism
, where p a prime of O K , and the isomorphism
Proof. The image under Θ of an element of
has the form
a r E r + 
so condition (iii) of Proposition (5.2) holds. Condition (iv) of Proposition (5.2) holds by (a).
Proposition 5.5. Let p be a prime of O K lying above p. Then
. 
.
It is sufficient to prove that
Using this notation, condition (i) of Proposition (5.2) becomes
If we consider the case i = p − 1 then this becomes
and if we further specialize to the case j = p − 1 then we have
which is equivalent to
Now by considering decreasing values of j in turn we obtain Using these observations we see that if p is a prime of O K such that j p = 0 and P is a prime of O K(v) lying above p then we have
On the other hand, if p is a prime of O K such that j p = 0 and P is a prime of O K(v) lying above p then we have
So we see that the idèle (y s,P ) P corresponds to the fractional ideal A necessary condition is that the same tuple has trivial class in the product of ray class groups
Proof. By Proposition (5.7), the class of O L in Cl (A H ) corresponds to the class of the idèle (h p ) p in J(H)/H × U(A H ), and by Proposition (5.9), this corresponds to the given tuple of fractional ideals. Recalling the surjections of Proposition (5.6), the result follows.
